Abstract. In this paper, we prove that if an abelian category A admits a recollement relative to abelian categories A ′ and A ′′ , there is a bijection between wide subcategories in A containing i * (A ′ ) and wide subcategories in A ′′ similar to silting reduction and τ -tilting reduction. Moreover, the wide subcategory C of A containing i * (A ′ ) admits a new recollement relative to wide subcategories A ′ and j * (C) which induced from the original recollement.
Introduction
Abelian categories are a fundamental algebraic structures. As a special subcategory of an abelian category, wide subcategories provide a significant interface between representation theory and combinatorics. Actually wide subcategories of an abelian category are analogous to thick subcategories of a triangulated category. Also wide subcategories are closely related to other important notions in representation theory, such as torsion theories, serre classes, silting complexes, semistable subcategories and support τ -tilting modules introduced in [AIR] . A number of authors have studied this subject(see, for example, [Hov, HJV, IT, K, MS, Y] ). A recollement of abelian categories is an exact sequence of abelian categories where both the inclusion and the quotient functors admit left and right adjoints. Beilinson, Bernstein and Deligne in [BBD] introduced it for the construction of the category of perverse sheaves on a singular space, arising from recollements of triangulated categories. Also recollements are quite an active subject widely studied by many algebraists(see [AKL, BBD, C, FP, LVY, P] and so on). Constructing a new recollement from the known recollement is interesting. We refer to [CL, CT, LL, LW] 
As an application of the above result, we can constructing a new recollement from the given one as follows: 
Preliminaries
In this section, we collect some basic material that will be used later. We begin this section by introducing the definition of wide subcategories. Note that when we say a full subcategory C is abelian, we mean that C is closed under kernels and cokernels, more precisely, if f : M → N is a map of C, then both the kernel and cokernel of f are also in C. We denote by wide A the set of wide subcategories of A and wide C A the set of wide subcategories of A containing C.
Example 2.2. [Hov, Y] Let R be a ring.
(1) The empty subcategory, the 0 subcategory and the entire category of Rmodules are all wide subcategories. (2) The category of all R-modules of cardinality ≤ κ for some infinite cardinal κ is a wide subcategory. (3) The category of finite-dimensional rational vector spaces, as a subcategory of the category of abelian groups, is a wide subcategory. (4) Any basic two-term presilting complex gives rise to a wide subcategory, for the details we refer to [AIR, DIRRT, J, Y] .
For the convenience, we recall the definition of adjoint pairs [ARS] before the definition of recollements. Definition 2.3. Let A and B be categories. An adjunction from A to B is a triple F, G, φ : A → B, where F is a functor from A to B, G is a functor from B to A, and φ is a functor which assigns to each pair of objects A ∈ A, B ∈ B a bijection φ = φ A,B : Hom B (F A, B) ∼ = Hom A (A, GB) which is functorial in A and B. The functor F is called a lef t adjoint of G, G is called a right adjoint of F , and the pair (F, G) is called an adjoint pair from A to B. Now we will take you recall the definition of recollements of abelian categories, see for instance [BBD, FP, Ha, K] . 
which satisfy the following three conditions:
and (j * , j * ) are adjoint pairs; (2) i * , j ! and j * are fully faithful functors; (3) Imi * = Kerj * .
Remark 2.5.
(1) From [Definition 2.4(1)], it follows that i * and j * are both right adjoint functors and left adjoint functors, therefore they are exact functors of abelian categories.
(2) According to [FP] , assume that i
such that the units and counits of the adjunctions induce the following exact sequences
(4) Throughout this paper, we denote by (
′ and A ′′ as above.
Recollements of wide subcategories
Throughout this section, let (A ′ , A, A ′′ , i * , i * , i ! , j ! , j * , j * ) be a recollement of abelian categories. Before giving the proof of our main theorem, the following result is important.
Proof. For any C ∈ C ⊂ A, by Remark 2.5(3) there exist M ′ , N ′ ∈ A and the following exact sequences
Since C is wide and i * (A ′ ) ⊂ C, it follows that j * j * (C) ∈ C and j ! j * (C) ∈ C.
Now we are in a position to prove Theorem 1.1.
Proof. Assume that C is wide. 
By Lemma 3.1 j * j * (C) ⊂ C, it follows that j * (f ′′ ) is a map of C. Since C is wide, Kerj * (f ′′ ) ∈ C. Then applying j * (−) to (3.1), by Remark 2.5(1) and (2) we have the following commutative diagram:
, we only have to prove that Cokerf ′′ ∈ j * (C). Applying the functor j * (−) to f ′′ , we have the following exact sequence:
Then applying j * (−) to (3.2), by Remark 2.5(1) and (2) we have the following commutative diagram:
By Five lemma, we know that Cokerf
, we only have to prove that N ′′ ∈ j * (C). Since j * (−) is left exact, applying it to f ′′ , we have the following exact sequence:
By Lemma 3.1, j * j * (C) ⊂ C, it follows that j * (M ′′ ) ∈ C and j * (P ′′ ) ∈ C. Then applying j * (−) to (3.3), by Remark 2.5(1) and (2) we have the following commutative diagram:
By Five lemma, we know that
We have finished to prove that j * (C) is wide.
Conversely, starting from a wide subcategory of A ′′ we can also find a corresponding wide subcategory of A.
Proof. If f is a map of C, j * (f ) is a map of W by the definition of C. Since W is wide and j * is exact, we have j * (Kerf ) ∼ = Kerj * (f ) ∈ W and j * (Cokerf ) ∼ = Cokerj * (f ) ∈ W. Thus Kerf and Cokerf are both in C.
Let 0 → M → N → P → 0 be an exact sequence in A where M, P ∈ C, we only have to prove that N ∈ C. Applying the functor j * (−) to the above exact sequence, by Remark 2.5(1) we have the following exact sequence:
Note that j * (M) ∈ W and j * (P ) ∈ W, it follows that j * (N) ∈ W since W is wide. Thus N ∈ C. Immediately we have i * (A ′ ) ⊂ C since j * i * = 0.
In conclusion, we have the following theorem.
Theorem 3.4. There is a bijection
Proof. By Proposition 3.2 and Proposition 3.3, we only have to prove that the maps above are inverse to each other. Let W ∈ wide A ′′ and C = {M ∈ A|j * (M) ∈ W}. We claim that j
where M ′ ∈ A ′ . By Lemma 3.1 we have M ∈ C. We have finished to prove that C = C ′ .
Theorem 3.5. If C ⊂ A is wide which satisfies i * i
Proof. Assume that C ⊂ A is wide and satisfies i * i * (C) ⊂ C. We only prove that i * (C) ⊂ A ′ is wide. Similarly, we can get that i
, we only have to prove that Kerf ′ ∈ i * (C). Applying the functor i * (−) to f ′ , by Remark 2.5(1) we have the following exact sequence:
, we only have to prove that Cokerf ′ ∈ i * (C). Applying the functor i * (−) to f ′ , by Remark 2.5(1) we have the following exact sequence:
, we only have to prove that N ∈ i * (C). Applying the functor i * (−) to the above exact sequence, by Remark 2.5(1) we have the following exact sequence:
. We have finished to prove that i * (C) is wide.
The next result describes that an adjoint pair of two categories can restricts to an adjoint pair of subcategories under some additional conditions. Proposition 3.6. Let (F, G) be adjoint pair from A to B as in Definition 2.3 and C be any subcategory of A satisfying GF (C) ⊂ C. Then (F , G)(=(F | C , G| F (C) )) is an adjoint pair from to C to F (C) which induced by the restriction functors.
Proof. For any C, D ∈ C, since (F, G) is an adjoint pair from A to B and GF (C) ⊂ C, we have the following bijection:
which is functorial in C and D. Therefore (F , G) is an adjoint pair from to C to F (C).
Now we give the proof of Theorem 1.2. 
Proof. By Proposition 3.2, it follows that A ′ and j * (C) are wide since C satisfies i * (A ′ ) ⊂ C.
Step 1: By Propsition 3.6 and Lemma 3.7, we know that (i * , i * ), (i * , i ! ), (j ! , j * ) and (j * , j * ) are adjoint pairs.
Step 2: By definition 2.4(2), we know that i * , j ! and j * are fully faithful. Also since C satisfies i * (A ′ ) ⊂ C, for any C, D ∈ C, we have the following bijections:
Example 3.9. Let Λ be the path algebra over a field K of the quiver 1 ← 2 → 3, of type A 3 . If e is the idempotent e 2 +e 3 , then as a right Λ-module Λ/ΛeΛ is isomorphic to S 1 . In this case, there is a recollement as follows: The Auslander-Reiten quiver of mod Λ is the following:
